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(87) A point P has given tripolar coordinates (PA, PB, PC). A point Q 
has given barycentric coordinates. Determine the distance PQ. W. G. 

(88) A Mathematical Recreation.-With the digits 1, 2, ... n, express the 
consecutive numbers from 1 upwards as far as possible, say to p: four and 
only four digits, all different, being used in each number, and the notation 
of the denary scale (including decimals), as also algebraical sums, products, 
and powers being allowed. If the use of the symbols for square roots and 
factorials (repeated if desired a finite number of times) is also allowed, the 
range can be considerably exten(led, say, to q consecutive integers. If n=4, 
I make p=88, q=264; if n=5, p=231, q=790; with the digits 0, 1, 2, 3, 
p = 36, q = 40. The problem is not easy, and these limits may be too low. 

W. W. R. B. 

ANSWER TO QUERY. 

[83, p. 379, vol. vi.] This we take to mean the chance that in an ordinary 
pack of cards, one king and one queen at least may come next each other 
irrespective of suits. 

If, in considering the number of arrangements, we regard the kings as all 
alike, and the queens all alike, and the other 44 cards as indistinguishable 
from each other, 

52 51... 45 
the total number of arrangements= ...........(1) 

To calculate the number of arrangements in which no king and queen come 
together, consider first the relative positions of kings and queens, ignoring 
the other cards. It is obvious that kings and queens may alternate any 
number of times from 1 to 7. If in any particular arrangement there are 
r alternations, there will be r places in which one plain card at least must be 
inserted. Supposing just r to have been inserted in these places, the 
remaining 44-r plain cards may be distributed in any way in the 9 spaces 
separated by the 8 kings and queens. The number of ways of thus dis- 
tribiting 44-r like things into 9 groups (with any number from 0 upwards 
in each) =the number of permutations of 52 -r things, of which 44 -r are of 
one kind and 8 of another (the latter just serving to separate the former 
into the number of groups in question, where any group or groups may be 
zero) 

=52-rC 8. .........................................(2) 
But if r=2m+l, the number of arrangements of kings and queens 

which will give r alternations =2(m --13 ),there being m+1 groups 

of one or more kings, and m +1 groups of one or more queens; 
while we may start with either, hence the factor 2. Similarly if r=2m, the 

number =2 13_ 14 ,there being now m + groups of the one and 
|m 3 - m rm -1 4 - mr 

m of the other. The numbers thus given for values of r from 1 to 7 
respectively are 2, 6, 18, 18, 18, 6, 2; and therefore by (2) the total number 
of arrangements in which no king and queen come together 

= 2 + 6C8 + 1 8(49C8 + 48C8+47C8) +64fC8 + 245. ............ (3 
Dividing by the number first found, (1), we have for the chance that 

no king and queen come together 
2 44 6 44.43 18 44.43.42 2 44...38 
70 52 +70 52. 51 70 52.51.50 ' 7'0 52 ... 46' 

(87) A point P has given tripolar coordinates (PA, PB, PC). A point Q 
has given barycentric coordinates. Determine the distance PQ. W. G. 

(88) A Mathematical Recreation.-With the digits 1, 2, ... n, express the 
consecutive numbers from 1 upwards as far as possible, say to p: four and 
only four digits, all different, being used in each number, and the notation 
of the denary scale (including decimals), as also algebraical sums, products, 
and powers being allowed. If the use of the symbols for square roots and 
factorials (repeated if desired a finite number of times) is also allowed, the 
range can be considerably exten(led, say, to q consecutive integers. If n=4, 
I make p=88, q=264; if n=5, p=231, q=790; with the digits 0, 1, 2, 3, 
p = 36, q = 40. The problem is not easy, and these limits may be too low. 

W. W. R. B. 

ANSWER TO QUERY. 

[83, p. 379, vol. vi.] This we take to mean the chance that in an ordinary 
pack of cards, one king and one queen at least may come next each other 
irrespective of suits. 

If, in considering the number of arrangements, we regard the kings as all 
alike, and the queens all alike, and the other 44 cards as indistinguishable 
from each other, 

52 51... 45 
the total number of arrangements= ...........(1) 

To calculate the number of arrangements in which no king and queen come 
together, consider first the relative positions of kings and queens, ignoring 
the other cards. It is obvious that kings and queens may alternate any 
number of times from 1 to 7. If in any particular arrangement there are 
r alternations, there will be r places in which one plain card at least must be 
inserted. Supposing just r to have been inserted in these places, the 
remaining 44-r plain cards may be distributed in any way in the 9 spaces 
separated by the 8 kings and queens. The number of ways of thus dis- 
tribiting 44-r like things into 9 groups (with any number from 0 upwards 
in each) =the number of permutations of 52 -r things, of which 44 -r are of 
one kind and 8 of another (the latter just serving to separate the former 
into the number of groups in question, where any group or groups may be 
zero) 

=52-rC 8. .........................................(2) 
But if r=2m+l, the number of arrangements of kings and queens 

which will give r alternations =2(m --13 ),there being m+1 groups 

of one or more kings, and m +1 groups of one or more queens; 
while we may start with either, hence the factor 2. Similarly if r=2m, the 

number =2 13_ 14 ,there being now m + groups of the one and 
|m 3 - m rm -1 4 - mr 

m of the other. The numbers thus given for values of r from 1 to 7 
respectively are 2, 6, 18, 18, 18, 6, 2; and therefore by (2) the total number 
of arrangements in which no king and queen come together 

= 2 + 6C8 + 1 8(49C8 + 48C8+47C8) +64fC8 + 245. ............ (3 
Dividing by the number first found, (1), we have for the chance that 

no king and queen come together 
2 44 6 44.43 18 44.43.42 2 44...38 
70 52 +70 52. 51 70 52.51.50 ' 7'0 52 ... 46' 

QUERIES. QUERIES. 247 247 

This content downloaded from 132.174.254.159 on Sat, 12 Dec 2015 18:13:06 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


248 THE MATHEMATICAL GAZETTE. 

300684703 20 
Worked out arithmetically, thle result= 55307450 3= nearly. Therefore, 

the chance that at least one king and queen may come together = 28602457 39 
nearly. It is almost an even chance. 

PERCY J. HEAWOOD. 

MATHEMATICAL NOT'ES. 
411. [A. 1. a.] Fractional and negative values of 1 in Arithmetical 

Proqressions. 
These are often puzzling to learners, who are sometimes led to suppose 

that no meaning caii be given to tlhem. 

In the fornmula s= 2-{2t +(n - 1)d}, 

replace n by P, where p and q are positive integers ; thus 

s= P2 2a+ - .(P d ........................ (1) 

This may be written 
d 

d2( 
cl 

(2) S 2 21 2)+(p-1) 67 * *- ? ......................() 

Now (2) is the formula for the sum of p terms of an x.r. whose first term 

is - + and common difference d ; hence this is also the meaning of 
q 2q 2q2 q 

equation (1). 
The case wheln n is a negative integer (say n= -p) may be worked out 

separately, or we can deduce it from (2) by putting q - 1; thus 

s= {2(d-a)+(p-l)d}, .............................. (3) 

i.e. the suni of p terms of the A.r. whose first term is d-a and cornimo 
difference d. 

If d-a happens to be one of the terms of the given series (continued 
backwards if necessary), this gives us the same information about that series 
as we obtain in the simple case when both roots of the quadratic are positive 
integers. 

E.g. how many terms of the series 3, 5, 7, ... amount to 8 ? 
The quadratic for n gives n=2 or -4. We see by equation (3) that the 

value -4 is to be interpreted as 4 terms of the series whose first term is 
2-3 and common difference 2. 

These terms are - 1, 1, 3, 5 (another portion of the given series), their sun 
being 8 as before. 

The condition that d-ca should be a term of the given series is easily 
found. G. OSBORN. 

412. [K'. 2. b, c.] Proof of Feuerbach's tlheorem. 
In the triangle ABC let D, E, F be the middle points of the sides, X , F, Z 

the points of contact of the inscribed circle, so that 

DX=?(c-b), EY=2(a-c), FZ= (b-a). 
[Lemma] If a point P moves so that DP: EP:: DX: ElY it describes a 

circle U orthogonal to any circle through D, E, such as DEF, and also 
orthogonal to the circle XYZ, because DX, EY are the tangents from 
D, E to XYZ. (For proofs v. below.) 

If a point Q moves so that EQ2: FQ:: EY: FZ, then it describes a circle 
V orthogonal to DEF and XYZ. 
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